Abstract. A spherical Wulff shape is the spherical counterpart of a Wulff shape which is the well-known geometric model of a crystal at equilibrium introduced by G. Wulff in 1901. As same as a Wulff shape, each spherical Wulff shape has its unique dual. The spherical dual transform for spherical Wulff shapes is the mapping which maps a spherical Wulff shape to its spherical dual Wulff shape. In this paper, it is shown that the spherical dual transform for spherical Wulff shapes is an isometry with respect to the Pompeiu-Hausdorff metric.
Introduction
Throughout this paper, let n (resp., S n ) be a positive integer (resp., the unit sphere in R n+1 ). For any point P ∈ S n , let H(P ) be the closed hemisphere centered at P , namely, H(P ) is the set consisting of Q ∈ S n satisfying P · Q ≥ 0, where the dot in the center stands for the scalar product of two vectors P, Q ∈ R n+1 . For any non-empty subset W ⊂ S n , the spherical polar set of W , denoted by W • , is defined as follows:
H(P ).
In [10] , the spherical polar set plays an essential role for investigating a Wulff shape, which is the geometric model of a crystal at equilibrium introduced by G. Wulff in [12] . In [4] , crystal growth is investigated by introducing a geometric model of a certain growing crystal. One of powerful tools in [4] is treating any spherical polar set as the image of a non-empty closed subset by the map called the spherical polar transform.
In this paper, motivated by applying the spherical polar transform more and more to the study of equilibrium crystal and crystal growth, we investigate natural restrictions of the spherical polar transform. The most natural subspace for the restriction of spherical polar transform is H Wulff (S n , P ), which is the set of spherical Wulff shapes relative to P , where P is a given point of S n (for the definition of a spherical Wulff shape relative to P , see Section 2). For any P ∈ S n , a spherical Wulff shape relative to P may be regarded as the spherical counterpart of a Wulff shape (for details, see Section 2). The restriction of spherical polar transform to H Wulff (S n , P ) is called the spherical dual transform relative to P . For any P ∈ S n , the spherical dual transform relative to P maps a spherical Wulff shape relative to P to its spherical dual (for details, see Section 2) . It turns out that the spherical dual transform relative to P is an isometry (Theorem 1). From the viewpoint of studying dissolution of Wulff shapes, it is important to investigate the restriction of spherical polar transform to the topological closure of H Wulff (S n , P ), called the extension of spherical dual transform relative to P . The extension of spherical dual transform relative to P , too, is an isometry (Theorem 1).
Next, we investigate the restriction of the spherical polar transform to
where the overline stands for the topological closure. From the global viewpoint in S n , it is significant to study the restriction to this subspace. As in Proposition 2, this subspace is exactly H s-conv (S n ), which is the topological closure of the set consisting of spherical convex closed subsets (for the definition of a spherical convex set, see Section 2). It turns out that the restriction of the spherical polar transform to H s-conv (S n ) is bi-Lipschitz but never isometric (Theorem 2).
Let H(S n ) be the set consisting of non-empty closed subsets of S n . It is wellknown that H(S n ) is a complete metric space with respect to the Pompeiu-Hausdorff metric (for details on the Pompeiu-Hausdorff metric, see Section 2). Let
. Thus, the spherical polar transform is well-defined
1
. It has been shown in [4] that :
is continuous. It is easily seen that the proof of this result given in [4] works well for general n ∈ N. Thus, we have the following:
In this paper, we first improve Lemma 1.1 as follows:
be metric spaces. A mapping f : X → Y is said to be Lipschitz if there exists a positive real number K ∈ R such that the following holds for any x 1 , x 2 ∈ X:
The positive real number K ∈ R for a Lipschitz mapping is called the Lipschitz coefficient of f . Proposition 1. For any n ∈ N, the spherical polar transform :
is Lipschitz with respect to the Pompeiu-Hausdorff metric.
It is easily seen that is neither injective nor surjective.
Definition 2.
(1) For any point P of S n , let H Wulff (S n , P ) be the following set:
W is a spherical convex body} , 1 Since (S n ) • = ∅ for any n ∈ N, the spherical polar transform defined in [4] should be understood as :
where int(W ) stands for the set consisting of interior points of W . The topological closure of H Wulff (S n , P ) is denoted by H Wulff (S n , P ). (2) Let H s-conv (S n ) be the set consisting of spherical convex closed sets. The topological closure of H s-conv (S n ) is denoted by H s-conv (S n ).
The following proposition explains the relation between H Wulff (S n , P ) and H s-conv (S n ).
Proposition 2.
For any P ∈ S n , the spherical dual transform (resp., the extension of spherical dual transform) relative to P is denoted by Wulff,P (resp., Wulff,P ). The restriction of to H s-conv (S n ) is denoted by s-conv . By Proposition 3, we have the following: Lemma 1.2. Each of the following is well-defined bijective mapping.
(1) A mapping f : X → Y is said to be bi-Lipschitz if f is bijective and there exist positive real numbers K, L ∈ R such that the following hold for any x 1 , x 2 ∈ X and any y 1 , y 2 ∈ Y :
A mapping f : X → Y is called an isometry if f is bijective and the following holds for any x 1 , x 2 ∈ X:
Theorem 1. Let P be a point of S n . Then, with respect to the Pompeiu-Hausdorff metric, the following two hold:
(1) The spherical dual transform relative to P
is an isometry.
(2) The extension of spherical dual transform relative to P Wulff,P : H Wulff (S n , P ) → H Wulff (S n , P ) is an isometry.
For any positive real number r, let D r be the set consisting of x ∈ R n satisfying ||x|| ≤ r. Then, D r is a Wulff shape for any r ∈ R (r > 0) and it is wellknown that the dual Wulff shape of D r is D 1 r . Moreover, it is easily seen that h(D r1 , D r2 ) = |r 1 −r 2 | holds for any r 1 , r 2 ∈ R (r 1 , r 2 > 0), where h is the PompeiuHausdorff metric. Thus, it is impossible to expect the Euclidean counterpart of the assertion (1) of Theorem 1. This shows an advantage of studying the spherical version of Wulff shapes. Moreover, the Euclidean counterpart of the extension of spherical dual transform relative to P is not well-defined. This, too, shows an advantage of studying the spherical version of Wulff shapes.
Theorem 2.
With respect to the Pompeiu-Hausdorff metric, the restriction of the spherical polar transform
is bi-Lipschitz but never an isometry. This paper is organized as follows. In Section 2, preliminaries are given. Proposition 1, Proposition 2, Proposition 3, Theorem 1 and Theorem 2 are proved in Sections 3, 4, 5, 6 and 7 respectively.
Preliminaries
2.1. Wulff shapes. Let R + (resp., γ : S n−1 → R + ) be the set consisting of positive real numbers (resp., a continuous function). For any θ ∈ S n−1 , set
The following set W γ is called the Wulff shape associated with the support function γ.
It is clear that any Wulff shape W γ is a convex body (namely, W γ is compact, convex and has an interior point) such that the origin of R n is an interior point of W γ . The converse is known to hold as follows:
For any subset W of R n , the following two are equivalent.
(1) There exists a parallel translation T :
n × {1} be the central projection relative to N , namely, α N is defined as follows for any P = (P 1 , . . . , P n , P n+1 ) ∈ S n N,+ :
Next, we consider the mapping Ψ N :
The mapping Ψ N was introduced in [6] . It has been used in many situations, for instance for the study of singularities of spherical pedal curves ( [6, 7] ), for the study of pedal unfoldings of pedal curves ( [8] ) and for the study of hedgehogs ( [9] ). The hyperbolic version of Ψ N is also useful (see [3] ). The mapping Ψ N has the following intriguing properties:
(1) For any P ∈ S n − {±N }, the equality P · Ψ N (P ) = 0 holds, (2) for any P ∈ S n − {±N }, the property Ψ N (P ) ∈ RN + RP holds, (3) for any P ∈ S n − {±N }, the property N · Ψ N (P ) > 0 holds,
Proposition 5 ([10]
). Let γ : S n−1 → R + be a continuous function. Let graph(γ) be the set consisting of (θ, γ(θ)) (θ ∈ S n−1 ), where (θ, γ(θ)) is the polar coordinate expression. Then, W γ is characterized as follows:
Proposition 6 ([10]
). For any Wulff shape W γ , the following set, too, is a Wulff shape:
Definition 4 ([10]
). For any Wulff shape W γ , the Wulff shape given in Proposition 6 is called the dual Wulff shape of W γ .
Definition 5. Let W γ be a Wulff shape.
(1) The set α
• is called the spherical dual Wulff shape of the spherical Wulff shape α
2.2. Convex geometry in S n .
Definition 6 ([10]
). Let W be a subset of S n . Suppose that there exists a point P ∈ S n such that W ∩ H(P ) = ∅. Then, W is said to be hemispherical.
Let P, Q be two points of S n such that (1 − t)P + tQ is not the zero vector for any t ∈ [0, 1]. Then, the following arc is denoted by P Q:
The length of the arc P Q is denoted by |P Q|.
Definition 7. Let W ⊂ S n be a hemispherical subset.
(1) Suppose that P Q ⊂ W for any P, Q ∈ W . Then, W is said to be spherical convex. (2) Suppose that W is closed, spherical convex and has an interior point. Then, W is said to be a spherical convex body.
By Proposition 4, the following proposition holds:
Proposition 7. Let W be a subset of S n . Then, the following two are equivalent.
(1) W is a spherical Wulff shape relative to N .
(2) W is a spherical convex body such that W ∩ H(−N ) = ∅ and N ∈ int(W ) are satisfied.
By Proposition 7, the following definition is reasonable.
Definition 8. Let P be a point of S n .
(1) A spherical convex body W such that W ∩ H(−P ) = ∅ and P ∈ int(W ) are satisfied is called a spherical Wulff shape relative to P . (2) Let W be a spherical Wulff shape relative to P . Then, the set W
• is called the spherical dual Wulff shape of the spherical Wulff shape W relative to P .
Definition 9 ([10]
). Let W be a hemispherical subset of S 2 . Then, the following set, denoted by s-conv(W ), is called the spherical convex hull of W . 
Lemma 2.2 ([10]
). For any non-empty closed hemispherical subset X ⊂ S n , the equality s-conv(X) = ( s-conv (X))
•• holds.
The following proposition may be regarded as a spherical version of the separation theorem, which may be easily obtained by the separation theorem in Euclidean space (for the separation theorem in Euclidean space, see for instance [5] ).
Proposition 8. Let P be a point of S n and let W 1 , W 2 be closed spherical convex sets such that W i ∩ H(P ) = ∅ (i = 1, 2). Suppose that W 1 ∩ W 2 = ∅. Then, there exists a point Q ∈ S n satisfying the following:
2.3. Pompeiu-Hausdorff metric.
Definition 10 ([1]
). Let (X, d) be a complete metric space.
(1) Let x (resp., B) be a point of X (resp., a non-empty compact subset of X).
Then, d(x, B) is called the distance from the point x to the set B. Let A, B be two non-empty compact subsets of a complete metric space (X, d). The Pompeiu-Hausdorff distance between A and B naturally induces the PompeiuHausdorff metric h : H(X) × H(X) → R + ∪ {0}. The set H(X), which consists of non-empty compact subsets of X, is a metric space with respect to the PompeiuHausdorff metric. It is well-known that the metric space (H(X), h) is complete. For details on (H(X), h), see for example [1, 2] .
Metric geometry in S
n .
Lemma 2.3. For any P, Q ∈ S n such that |P Q| ≤ π 2 , the following equality holds: h(H(P ), H(Q)) = |P Q|.
Proof.
By Figure 1 , it is clear that h(H(P ), H(Q)) + r =| P Q | +r = π 2 , so we have h(H(P ), H(Q)) =| P Q |. ✷ Figure 1 . h(H(P ), H(Q)) = |P Q|.
Definition 11.
(1) For any point P ∈ S n and any real number r satisfying 0 < r < π, define the following two sets:
(2) For any non-empty subset W ⊂ S n and any real number r satisfying 0 < r < π, define the following two sets:
B(P, r).
Lemma 2.4. For any subset W ∈ S n such that W • is spherical convex set and any real number r satisfying 0 < r < π 2 , the following equality holds:
B(H(P ), r).

Proof. "⊂ "
Let Q be a point of B P ∈W H(P ), r . Then, it follows that B(Q, r) ∩ P ∈W H(P ) = ∅. Thus, there exists a point Q 1 ∈ B(Q, r) such that Q 1 belongs to P ∈W H(P ). Therefore, there exists a point Q 1 ∈ B(Q, r) such that Q 1 ∈ H(P ) for any P ∈ W . It follows that Q ∈ P ∈W B(H(P ), r). "⊃"
Suppose that there exists a point Q ∈ P ∈W B(H(P ), r) such that Q / ∈ B( P ∈W H(P ), r). Since Q belongs to P ∈W B(H(P ), r), we have that Q ∈ B(H(P ), r) for any P ∈ W . On the other hand, since Q does not belongs to B( P ∈W H(P ), r) = B(W • , r), it follows that B(Q, r) ∩ W • = ∅. Since W • and B(Q, r) are closed spherical convex sets, by Proposition 8, there exists a point P ∈ S n such that W • ⊂ H(P ) and B(Q, r) ∩ H(P ) = ∅. By Lemmas 2.1 and 2.2, it follows that P ∈ W •• = W . Therefore, there exists a point P ∈ W such that Q / ∈ B(H(P ), r). This contradicts the assumption Q ∈ P ∈W B(H(P ), r). ✷
Proof of Proposition 1
We first show Proposition 1 under the assumption that W • is a spherical convex set. Suppose that is not Lipschitz. Then, for any K > 0 there exist 
B(H(Q), r).
Hence, there exists a point Q ∈ W 2 such that P / ∈ B(H(Q), r). On the other hand, since h(W 1 , W 2 ) = r, there exists a point P Q ∈ W 1 such that d(P Q , Q) ≤ r. Thus, by Lemma 2.3, it follows that P ∈ H(P Q ) ⊂ B(H(Q), r). Therefore, we have a contradiction.
In the same way, we can show that (b) implies a contradiction. Next we show that for any closed W, W ∈ H • (S n ) such that at least one of
• (S n ), there exists P, P ∈ S n such that W ⊂ H(P ), W ⊂ H( P ). 
Thus, the spherical polar transform :
The following example shows that the natural number " 2 "is the least real number for the Lipschitz coefficient of .
Example: For any real number r (1 < r < 2), there exist a real number r 1 and two points P 1 , P 2 ∈ S n such that r π 2 < r 1 < π and d(P 1 , P 2 ) = r 1 . Since
. Then, we have the following:
. It follows the following(see Figure 2) :
By Proposition 1, we can extend Lemma 2.2 as follows.
Lemma 3.1. For any X = lim i→∞ X i , the following equality holds.
where X i ∈ H s-conv (S n ) (i = 1, 2, 3, . . . ).
Proof. By Proposition 1, it follows that the spherical transform :
Proof of Proposition 2
By Definition 2, it is clear that any W ∈ P ∈S n H Wulff (S n , P ) is an element of H s-conv (S n ). Thus, it is sufficient to show the following inclusion:
We first show the above inclusion under the assumption that W ∈ H s-conv (S n ) is a hemispherical closed subset of S n . Suppose that W has an interior point. Then, it is easily seen that there exists a point P ∈ int(W ) such that W ⊂ H(P ). Since H(P ) ∈ H Wulff (S n , P ), it follows that W ∈ H Wulff (S n , P ). Next, suppose that W does not have an interior point. Since W is hemispherical and closed, there exist a point P ∈ W and a positive integer number N ∈ N such that for any i > N , we have ∂B(W,
. Thus, we have the following:
Therefore, it follows that for B W i , 1 i ∈ H Wulff (S n , P ), we have the following:
Finally,we show Proposition 2 in the case that W is an element of H s-conv (S n ). Notice that there exists a point P ∈ S n such that W ⊂ H(P ). For any positive interger i, define W i as follows.
Then, it is easily seen that W i ∈ H Wulff (S n , P ) for any i ∈ N and W = lim i→∞ W i . Therefore, W belongs to P ∈S n H Wulff (S n , P )).
Proof of Proposition 3
5.1. Proof of the assertion (1) of Proposition 3. It is clear that for any W ∈ H Wulff (S n , P ), we have that W ⊂ H(P ). Thus, by Lemma 2.1, it follows that P ∈ W
• , which implies W • = ∅. ✷
5.2.
Proof of the assertion (2) of Proposition 3. We first show that (W ) ∈ H Wulff (S n , P ) for any W ∈ H Wulff (S n , P ). For any W ∈ H Wulff (S n , P ), there exist r 1 , r 2 (0 < r 1 < r 2 < π 2 ) such that B(P, r 1 ) ⊂ W ⊂ B(P, r 2 ). By Lemma 2.1, we have the following:
• .
It follows that W
• ∩ H(−P ) = ∅ and P ∈ int(W • ). Let Q 1 , Q 2 be two points of 
It follows that W • is spherical convex. Therefore, (W ) is contained in H Wulff (S n , P ). Next, we show that for any W ∈ H Wulff (S n , P ), there exists an element W ∈ H Wulff (S n , P ) such that ( W ) = W . For any W ∈ H Wulff (S n , P ), set W = W • . Then, we have already proved that W is contained in H Wulff (S n , P ). By Lemma 2.2, it follows that ( W ) = W . ✷
5.3.
Proof of the assertion (3) of Proposition 3. We first show that (W ) ∈ H Wulff (S n , P ) for any W ∈ H Wulff (S n , P ). For any W ∈ H Wulff (S n , P ), there exists a convergent sequence
Since we have already proved the assertion (2) of Proposition 3, it follows that (W ) ∈ H Wulff (S n , P ).
Next, we show that for any W ∈ H Wulff (S n , P ), there exists an element W ∈ H Wulff (S n , P ) such that ( W ) = W . For any W ∈ H Wulff (S n , P ), set W = W
• . Then, we have already proved that W is contained in H Wulff (S n , P ). By Lemma 3.1, it follows that ( W ) = W . ✷
Proof of the assertion (4) of Proposition 3.
Suppose that there exist
, where W 1i , W 2i ∈ H Wulff (S n , P ) for any i ∈ N. Since W 1i , W 2i are spherical convex, by Lemma 3.1 the following holds:
Therefore, for any point P ∈ S n , the restriction of to H Wulff (S n , P ) is injective. ✷ 5.5. Proof of the assertion (5) of Proposition 3. Let W be an element of H s-conv (S n ). Then, by Proposition 2, there exists a point P ∈ S n such that W ∈ H Wulff (S n , P ). Since we have already proved the assertion (1) of Proposition 3, it follows that (W ) ∈ H
• (S n ). ✷ 5.6. Proof of the assertion (6) of Proposition 3. For any point P ∈ S n , ({P }) = H(P ) is not hemispherical. Therefore, (H s-conv (S n )) = H s-conv (S n ). ✷ 5.7. Proof of the assertion (7) of Proposition 3. We first show that (W ) ∈ H s-conv (S n ) for any W ∈ H s-conv (S n ). For any W ∈ H s-conv (S n ), by Proposition 2, W ∈ P ∈S n H Wulff (S n , P ). It follows that there exists spherical convex body subsequence
Since is continuous and W
• ∈ H s-conv (S n ). Next, we show that for any W ∈ H s-conv (S n ), there exists an element W ∈ H s-conv (S n ) such that ( W ) = W . For any W ∈ H s-conv (S n ), set W = W
• . By Lemma 3.1, it follows that W = (W • ).
5.8. Proof of the assertion (8) of Proposition 3. Suppose that there exist
, where W 1i , W 2i ∈ H s-conv (S n ) for any i ∈ N. Since W 1i , W 2i are spherical convex, by Lemma 3.1 the following holds:
Therefore, for any point P ∈ S n , the restriction of to H s-conv (S n ) is injective. ✷
Proof of Theorem 1
We first show that for any W 1 , W 2 ∈ H Wulff (S n , P ), the following holds:
, it follows that at least one of d(W Hence, there exists a point R ∈ W 2 such that Q 1 / ∈ B(H(R), r). On the other hand, since h(W 1 , W 2 ) = r, there exists a point P R ∈ W 1 such that d( P R , R) ≤ r. By Lemma 2.3, Q 1 ∈ H( P R ) ⊂ B(H(R), r). Therefore, we have a contradiction.
In the same way, we can show that (b) implies a contradiction. Therefore, we have proved that for any W 1 , W 2 ∈ H Wulff (S n , P ), the following holds:
h(W By the proof of Proposition 1, we have that
for any W 1 , W 2 ∈ H s-conv (S n ). By Lemma 3.1, we have the following for any W 1 , W 2 ∈ H s-conv (S n ):
Therefore, the following inequality holds for any W 1 , W 2 ∈ H s-conv (S n ):
Hence, s-conv : H s-conv (S n ) → H s-conv (S n ) is bi-Lipschitz. By Claim 3.1, it is clear that s-conv : H s-conv (S • ) → H s-conv (S • ) is never isometric.
✷
